The capacitated vehicle routing problem (CVRP) has been proved to be NP complete problem. The CVRP is not just a purely academic construct, it has many applications in practice. In this work, a discrete invasive weed optimization algorithm (DIWO) is proposed to solve the capacitated vehicle routing problem. Adaptive mutation and crossover in the genetic operation process are introduced to ensure the diversity of the algorithm and prevent it from falling into a local optimal solution with premature convergence. We use real matrix encoding and construct a discretization process for the subgeneration in the parent generation region. An improved 2-Opt and exchange operations structure based on the property of the problem is proposed to construct the two-stage hybrid variable-domain search method, strengthening the capacity of the local and global search ability of the algorithms. Comparing the experimental simulation and the algorithm with literature for different scale benchmarks proves that the DIWO algorithm is simple, efficient, adaptable, and robust for discrete combinatorial optimization problems.
Introduction
Since the capacity vehicle routing problem (CVRP) was first proposed by Dantzig and Ramser [1] in 1959, it soon became a frontier research topic in operational research, combinatorial optimization, applied mathematics, logistics, and computer applications, for example, in food distribution, newspaper and mail delivery, waste recycling, billing, and transportation route planning. Solving the CVRP can reduce logistics cost, provide economic benefit, and improve customer service. In addition, CVRP has been proven to be a nondeterministic polynomial (NP) complete problem, so the study of its solution algorithm has important theoretical, engineering, and practical significance.
Because the CVRP belongs to the class of NP complete problems, experts in different disciplines mainly produce exact and construction heuristic algorithms, but the two algorithms cannot meet the demand of practical application in solving large-scale problems, and obtaining the optimal solution is difficult, which has led to research and development of intelligent optimization algorithms. For example, Zhao et al. [2] proposed a hybrid quantum evolution algorithm for solving the CVRP. Their experimental results showed that the hybrid quantum evolutionary algorithm is better than a genetic algorithm and a particle swarm optimization algorithm. Teoh et al. [3] combined neighborhood search with a differential evolution algorithm and compared their algorithm with the cluster and search heuristic algorithm and the particle swarm optimization algorithm to verify its performance. According to [4] , a cellular genetic algorithm was proposed. They used a genetic algorithm to perform a global search, constructed the local search of exchange operations, used the 2-Opt method to improve the performance of the algorithm. Cai et al. [5] proposed a hybrid quantum genetic algorithm to solve the CVRP, using the immune operator to improve the local search ability of the algorithm, thereby obtaining good performance. As state in [6] , the author combined the Tabu search algorithm with a tree search algorithm and compared their results to those of the ant colony algorithm, showing the superiority of the hybrid algorithm. Yu et al. [7] adopted an improved ant colony algorithm, designed a new ant colony pheromone accumulation strategy, and used the 2-Opt method to improve the local search ability of the algorithm and its overall performance. Juan et al. [8] proposed the SR-GCWS hybrid algorithm for solving the CVRP and compared it with the CWS heuristic algorithm, showing the excellent computational performance of the algorithm. Wang et al. [9] designed a cellular ant colony algorithm, combining the principle of cell automaton with the ant colony optimization search mechanism to improve the algorithm's search capability.
The invasive weed optimization (IWO) algorithm, first proposed by Mehrabian et al. [10] in 2006, is a random search algorithm to simulate the invasive weed reproduction process. The algorithm simulates weeds in the growth process of seed dispersal, growth, reproduction, and competitive exclusion. The literature on applying the invasive weed optimization algorithm to solve the capacitated vehicle routing problem is sparse, and related research is limited. However, since IWO has strong robustness, adaptability, and randomness, it has attracted interest and been studied by experts in various disciplines (e.g., electrical and electronic engineering, computer science, automatic control systems, and artificial intelligence). IWO has been adapted to enhance the stability of a Single Machine Infinite Bus (SMIB) system by designing a damping controller based on a Static Synchronous Series Compensator (SSSC); compared to PSO, the performance of IWO is much better [11] . Mehrabian et al. [12] used IWO to solve the optimal placement problem of a piezoelectric actuator. Ghasemi et al. [13] combined the improved empire competition algorithm with IWO to solve the reactive power scheduling problem. Their experiment shows that the IWO is better than the genetic algorithm and the particle swarm optimization algorithm in finding the optimal solution. According to [14] , IWO was used to solve the power system scheduling problem; compared to the classical evolutionary algorithm, the IWO showed great potential and superiority. Naidu et al. [15] designed an IWO algorithm with a quadratic approximation operator, testing 22 benchmark problems and solving 5 real-life problems. Compared with the genetic algorithm, their results show that the IWO algorithm is more convenient and robust in solving complex problems. Ghosh et al. [16] proposed that IWO be used to solve the optimal control problem with Bessel parameters, which can effectively reduce the control cost. According to the above literature, IWO is superior to the classical algorithms in solving some practical engineering problems, such as the genetic algorithm and particle swarm optimization, but it is seldom used in the discrete combinatorial optimization problem.
At present, IWO is mainly used in continuous problems, as reflected by the fact that in the algorithm subgenerations are distributed continuously in a normal distribution surrounding the parent generation. In view of the IWO algorithm's characteristics of simplicity, high efficiency, adaptability, and robustness, it has important engineering, theoretical, and practical significance in research on the discrete combinatorial optimization problem. The main work of this paper is to design a discrete hybrid invasive weed optimization algorithm and apply it to the capacitated vehicle routing problem. We use real matrix encoding, discretize the subgeneration in the parent generation region, introduce adaptive mutation and adaptive crossover in the process of genetic manipulation; our hybrid variable neighborhood local search method based on the problem, combined with the 2-Opt method, is designed in the stage of routing reoptimization to strengthen the algorithm's local and global search capability, resulting in improved IWO searching ability. Experimental results show that IWO is more efficient than the classical algorithms in solving discrete combinatorial optimization problems, offers better computing performance, has stronger searching optimization capability, and has better adaptability and robustness.
Mathematical modeling of the CVRP problem

CVRP problem
The model of the vehicle routing problem is established based on the following assumptions: The vehicles in each warehouse are of the same type (the same load), and the number of vehicles varies with customer demand. There is a limit to the load of the vehicle, which cannot be overloaded. Each customer must be accessed and can only be serviced once; no repeat access is allowed. After completion of the vehicle distribution task, the vehicle fleet must return to the original warehouse. Based on the above assumptions, a capacitated vehicle routing problem is described as follows: K vehicles start from one distribution centers to service n customers, the load limit of each vehicle is Qk (k = 1, 2, ..., K − 1, K), each customer's demand is qi (i = 1, 2, ..., n − 1, n), dij represents the distance between customer i and customer j, and d0j represents the distance between the distribution center and customer j (i, j = 1, 2, ..., n − 1, n). The objective is to obtain the best vehicle routing to meet customer demand.
Mathematical model of the CVRP problem
The mathematical model of the capacitated vehicle routing problem in a distribution center is as follows [7, 17] :
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Where, formula (1) represents the objective function, which represents the shortest routing of the vehicle; formula (2) ensures the load constraint conditions of each vehicle; formula (3) ensures that each customer can be accessed; formulas (4) and (5) ensure that customers can only be serviced by one; formula (6) eliminates the subcircuit, to prevent the vehicle from returning from the original routing or part of the routing; formulas (7), (8) , and (9) represent the decision variables used to ensure the range of variables.
Discrete hybrid invasive weed optimization algorithm
The invasive weed optimization algorithm is a random search algorithm first proposed by Mehrabian [10] to simulate the behavior of invasive weed cloning. This algorithm is simple, efficient, robust, adaptive, and random and has the advantage of easy understanding and programming [18] .
1. Coding. In solving the multivehicle routing problem, the representation of the population individual (solution) must be able to represent the vehicle routing. For n customers with K distribution vehicles, the population individual represents the (1 (n+k)) matrix, which includes two parts: the order of the service customer and the vehicle for each customer.
2. Reproduction. The higher the fitness of weeds, the greater the possibility of cloning and the more the number of seeds produced. So, the number of seeds of each weed is calculated as follows:
Where, floor represents that seed rounded to the nearest integer, fmax and fmin, respectively, represent the maximum and minimum fitness , fi is the fitness of the ith weed, Smax and Smin represent the maximum and minimum numbers of seeds.
The above formula reveals the mathematical relationship between the number of seeds and the fitness value of weeds. As the number of seeds decreases with the increase of fitness value, the number of seeds varies between Smax and Smin (Fig. 1) . Fig. 1 . Relationship between number of seeds and fitness.
3. Space distribution. The number of seeds range from Smin to Smax, which was randomly distributed in a normal distribution around the weeds. The spatial distribution function is subject to the mean equal to 0 and varying variance. The standard deviation of the normal distribution can be calculated formulas follows [19] :
iter iter (11) here, iter is the standard deviation of the iter generation, itermax is the maximum number of iterations, ini and fin are the initial and final standard deviations, respectively, and n is the nonlinear modulation index.
The generated seeds are distributed over the solution space by a random normal distribution function., which ensures that the search process is able to search for a better solution in the local area of each weed, and the local search ability of IWO is enhanced. However, IWO seed dispersal has a continuous normal distribution, so it cannot be directly used as a seed to enter the next iteration, and a corresponding discrete processing must be implemented as follows: (12) Where, ceil is the rounding operation, floor represents that wnew can be rounded to the nearest integer, n is the total number of customers of each warehouse (with 1 added to prevent the formation of 0). The same number may appear in the wnew. To prevent this problem, we use the customer series numbers in wnew to replace the numbers repeated in wnew.
For example, if the father generation is wpa= [2, 1, 4, 3, 5] , the step size is 5, and the five diffusion values produced by N(0, 5) are d= [-6 (12) . At this moment, the 5th customer is visited three times while the 1st and 3rd clients are not visited. So numbers 1 and 3 will randomly replace one number 5, and the next generation is [1, 3, 5, 4, 2]. 4. fitness value. As VRP is treated as minimization problem, fitness function is described as flows:
Where, f(x) is the sum of vehicle's traveling cost. 5. F-adaptive method. The F-adaptive method includes adaptive crossover and adaptive mutation. The adaptive method is introduced to keep the diversity of weeds in the IWO algorithm. The crossover and Smax Si Smin fmin fi fmax mutation probability are adjusted adaptively according to the diversity of the population. The calculation formulas for the crossover probability and the mutation probability can obtained from literature [20] . 6. Competitive exclusion mechanism. Each iteration includes three groups: the initial weed, the seeds of breeding, and the evolution of weeds. If we do not restrict the number of weeds, populations will experience unlimited growth, which will hinder the IWO efficiency, so we must introduce a competition exclusion mechanism; that is, a large group, constructed according to the fitness value of the ascending order. After each iterate, only the first POPmax outstanding individuals are reserved.
7. Two-stage hybrid variable neighborhood search. Using a hybrid variable neighborhood search is an important way to enhance the local search capability of the algorithm. In the neighborhood of the optimal solution, there are often one or more optimal solutions. In this paper we adopt the improved 2-Opt method combined with the variable-domain search method based on the bits exchange operation to search the optimal solution.
In the process of improving the solution, the 2-Opt method is usually used to reoptimize the vehicle routing [21] . The basic principle is to randomly select a boundary from the existing line to be removed, then reconnect the other two nodes to form a new routing. As a condition, the length of the new routing is less than the length of the original routing. As the inefficiency of 2-Opt in selecting a boundary, improved 2-Opt is recommended. The basic steps of the improved 2-Opt method are as follows [20] Exchanging the bits of different routings of the same warehouse will achieve the effect of local search and enhance the ability of the local search [18] . Z(weed) represents the total routing length of all vehicles of one warehouse. Interchange (weed, u, v) represents the exchange of the uth and vth bits in the weed, k means the kth vehicle (kth K), nk customers is serviced by the kth vehicle, wk is the first client serviced by the kth vehicle, Ninterchange(weed, k) represents the solution of the weed in the K vehicle service customers based on the Interchange of the feasible neighborhood of the collection. 4. If k < K, then k=k+1 and return to step 2. The improved 2-Opt method and the variable neighborhood search form a two-stage mixed-variable neighborhood search method, which is helpful to guide the search for a better solution in the neighborhood of the optimal solution.
8. Termination criterion. The above process continues until the maximum number of iterations is attained.
Discrete hybrid weed optimization algorithm for the capacitated vehicle routing problem
The discrete hybrid invasive weed optimization (DHIWO) algorithm can be used to solve the optimization problem for the CVRP, and the returned results are compared with the genetic algorithm, particle swarm algorithm, and quantum evolutionary algorithm in the literature. We have performed the simulation work for all problems using MATLAB (2010b) on a computer having a Windows 7 platform and 4GB of RAM.
To verify the effectiveness, adaptability, and robustness of DHIWO in solving discrete combinatorial optimization problems, we compared the DHIWO with algorithms from the literature QEA [2] , HQGA [5] , and IACO [7] . Eight different problem sizes among the standard problems A, B, and P are selected for testing, and test results are listed in Tables 3, 4 , and 5. In the tables, the bold values represents the best known solution (BKS), the bold and underlined values represent the obtained optimal solution but less than the BKS, and the underlined values represent the error of the BKS, Dev = (minimum value − BKS)/BKS × 100%. HQGA [5] IACO [7] Min. In the above 24 standard test problems, DHIWO obtains 22 optimal solutions (8 in A, 6 in B, and 8 in P), with Dev being maintained at 0.1%. Here, for P-n16-k8, P-n22-k8, and P-n55-k5 the optimal solution obtained in P is better than BKS. The optimal routing figures and the convergence figures for the three kinds of vehicle scheduling problem with the optimal solution obtained by the proposed DHIWO algorithm are given in Figs. 2-4. As shown in the experiment for the small-scale vehicle routing problem, the discrete hybrid optimization algorithm has the highest efficiency and the fastest convergence speed. From experiment 2, it is seen that, compared with the quantum evolutionary algorithm, the hybrid quantum genetic algorithm, and the ant colony algorithm, the discrete hybrid optimization algorithm is closer to the BKS, and even better than BKS, indicating that, compared with the other three algorithms, the discrete hybrid optimization algorithm has better global search ability and local search capability in solving the large-scale vehicle routing problem. This is mainly due to the combination of the mutation operator and the crossover operator in the genetic manipulations and IWO and to the introduction of the two-stage hybrid variable neighborhood search method, which increases the diversity of the hybrid invasive weed optimization algorithm, strengthens its local search ability, and ensures its efficiency, robustness, and adaptability in helping to find the optimal solution.
Conclusion
In this paper, a discrete hybrid invasive weed optimization algorithm is designed to solve the vehicle routing problem of different sizes. Using real matrix real encoding, introducing genetic adaptive mutation and adaptive crossover, and using a two-stage hybrid neighborhood search method ensures a balance between global and local search capability in the search for better solutions. Experiments show that the invasive weed optimization algorithm applied to the discrete combinatorial optimization problem is superior to quantum evolutionary, genetic, particle swarm optimization, and ant colony algorithms in the calculation of performance, rate of convergence, and optimization efficiency. Also, they verify that the IWO algorithm is simple, efficient, adaptable, and robust. However, in this paper, the IWO algorithm has only been applied to the static CVRP problem. How to use the IWO algorithm in the dynamic VRP, the random VRP, and other fields of uncertain combinatorial optimization problems will become the focus of future research.
